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Abstract
We study the thermodynamic properties of warped AdS3 black hole within the frame-
work of thermodynamic information geometry. Our analysis focuses on finding the set of
proper thermodynamic Riemannian metrics on the space of equilibrium states, together
with the conditions for local and global thermodynamic stability. We use our findings to
constrain the values of left and right central charges from the dual CFT theory and the
parameters of the bulk gravitational theory.
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1 Introduction
In the past few decades the AdS/CFT correspondence revealed important perturbative and
non-perturbative phenomena in various classical and quantum models. One of its important
feature is that it relates a classical gravitational theory in the bulk of space-time to a quantum
theory without gravity on a lower-dimensional boundary, and vice versa. On the other hand,
the correspondence is also a duality between weak/strong coupling regimes of both theories.
A specific example of such duality is given by the correspondence between a warped three-
dimensional anti-de Sitter black hole and a two-dimensional conformal field theory. In this case,
the warped AdS black hole is a stable vacuum solution of the 3d topological massive gravity
(TMG), described by the action [1]:
ITMG =
1
16 pi G
∫
M
d3x
√−g
(
R +
2
L2
)
+
1
µ
ICS +
∫
∂M
B . (1.1)
Here, ICS is the gravitational Chern-Simons action,
ICS =
1
32 pi G
∫
M
d3x
√−g ελµν Γrλσ
(
∂µΓ
σ
rν +
2
3
Γσµτ Γ
τ
νr
)
, (1.2)
and the coupling µ is the mass of the graviton, ελµν = λµν/
√−g, 012 = +1. The boundary
term,
B =
1
32pi G
ABC ω
AB ∧ eC , (1.3)
was introduced in [2] to make the variational principle well-defined. For every value of the
coupling µ TMG has a classical AdS3 solution with a radius L. The only stable case is defined
by the condition µL = 1, which leads to a non-negative energy of the gravitons. In this case,
it is also possible to construct a consistent quantum theory of the so-called chiral gravity [3].
However, if we consider non-chiral values of µL, we can construct other stable TMG vacua,
namely warped backgrounds. They are discrete quotients by elements of SL(2, R) × U(1) of
warped AdS3 space. In this particular case, the group elements of the quotient select the left
and the right temperatures of the corresponding boundary CFT. With a suitable choice of the
central charges the density of states in the boundary CFT exactly matches the Bekenstein-
Hawking entropy of the corresponding black hole, thus a duality between both theories can
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be conjectured. It is also worth mentioning that warped AdS3 solutions arise in a number of
contexts besides TMG, see e.g. [4–12].
Recently, the holographic principle was used to describe the complexity of a quantum state
via bulk theory computations. In this case, there are two conjectures. The first one is called
”Complexity equals Action” (CA) [13, 14], which states that in order to compute the quantum
computational complexity of a holographic state, one can calculate the on-shell action on the
so called “Wheeler-De Witt” patch:
CA(Σ) =
IWDW
pi~
, (1.4)
where Σ is the time slice intersection of the asymptotic boundary and the Cauchy surface in
the bulk. The second proposal, known as ”Complexity equals Volume” (CV) [15–17], relates
the complexity of the boundary states with the volume V of a maximal slice behind the event
horizon, i.e.
CV (Σ) = max
Σ=∂B
[
V (B)
GN`
]
. (1.5)
A nice feature of the VC conjecture is that the maximal volume naturally grows at a rate
proportional to the product between the temperature T and the entropy S of the black hole.
Moreover, the idea that the growth of complexity can be interpret as a computation naturally
invokes Lloyd’s bound [18] on the rate of computation for systems with energy M :
dC
dt
≤ 2M
pi ~
. (1.6)
Furthermore, several other information-theoretic concepts have been fruitfully applied to the
investigation of fundamental properties of various gravitational systems, namely entanglement
entropy [19–23], Fisher information metric [22, 23], and thermodynamic information geometry
(TIG) [24–33]. The latter can be considered as a specific thermodynamic limit of the quantum
Fisher metric. The common belief is that the classical space-time geometry has the capacity
to encode important properties of the dual quantum system. Due to the lack of consistent
theory of quantum gravity a case by case study is required. Here, we will focus on the thermal
properties of the warped AdS3 black hole via the methods of TIG.
Thermodynamic information geometry was first introduced by F. Weinhold [34] and later
by G. Ruppeiner [35]. Weinhold showed that the empirical laws of equilibrium thermodynamics
can be brought into correspondence with the mathematical axioms of an abstract metric space.
In his approach, Weinhold used the Hessian of the internal energy with respect to the extensive
parameters of the system in order to introduce a Riemannian metric on the space of macro
states,
g
(W )
ab = ∂a∂bU(E
c) . (1.7)
Here Ec are the other extensive parameters of the system besides U . On the other hand,
Ruppeiner developed his geometric approach within fluctuation theory, where one implements
the entropy S(Ec) as a thermodynamic potential in order to define a Hessian metric structure
on the state space statistical manifold:
g
(R)
ab = −∂a∂bS(Ec) . (1.8)
Here Ec are the other extensive parameters of the system besides S.
The importance of using Hessian metrics on the equilibrium manifold is best understood,
when one considers small fluctuations of the thermodynamic potential. The potential is ex-
tremal at each equilibrium point, while the second moment of the fluctuation turns out to
be directly related to the components of the corresponding Hessian metric. As it turned out,
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both metric approaches are conformally related to each other with the temperature being the
conformal factor,
ds2(R) =
1
T
ds2(W ) . (1.9)
Although Weinhold and Ruppeiner metrics have been successfully applied to describe the
phase structure of condensed matter systems, when utilized for black holes they do not often
agree with each other. One of the reasons is due to the fact that Hessian metrics are not
Legendre invariant, thus they do not preserve the geometric structure when a different ther-
modynamic potential is used for the description of the equilibrium states. In order to make
things Legendre invariant, H. Quevedo considered the (2n + 1)-dimensional thermodynamic
phase space, spanned by the thermodynamic potential Φ, the set of extensive variables Ea, and
the set of intensive variables Ia, a = 1, . . . , n. In Ref. [36] it was found that the general metric
on the equilibrium state space can be written in the form
gI, II = ΩΦ Φ(E
c)χ ba
∂2Φ
∂Eb ∂Ec
dEa dEc , (1.10)
where χ ba = χaf δfb is a constant diagonal matrix and ΩΦ ∈ R is the degree of generalized
homogeneity, Φ(λβ1 E1, . . . , λβN EN) = λΩΦ Φ(E1, . . . , EN), βa ∈ R. In this case, the Euler
identity for homogeneous functions is given by
βabE
a ∂Φ
∂Eb
= ΩΦ Φ , (1.11)
where βab = diag(β1, β2, . . . , βN). From the first law dΦ = Ia dEa, one notes that Ia = ∂Φ/∂Ea.
When βab = δab, one returns to the standard Euler’s identity. If we choose βab = δab, for compli-
cated systems this may lead to some non-trivial conformal factor, which is no longer proportional
to the potential Φ. On the other hand, if we set χab = δab, the resulting metric gI can be used
to investigate systems with at least one first-order phase transition. Alternatively, the choice
χab = ηab = diag(−1, 1, . . . , 1), leads to a different metric gII , which applies to systems with
second-order phase transitions.
Consequently, one can show that the corresponding scalar thermodynamic curvature en-
codes information about the phase structure of the system. As suggested by G. Ruppeiner in
Ref. [35], the Ricci information curvature RI is related to the correlation volume of the system.
This association follows from the idea that it will be less probable to fluctuate from one equi-
librium thermodynamic state to the other, if the distance between the points on the statistical
manifold, which correspond to these states, is larger. Moreover, the sign of the scalar curvature
can be linked to the nature of the inter-particle interactions, [37]. For example, if RI = 0,
the interactions are absent and the system is free. For positive curvature the interactions are
repulsive, while for negative curvature the interactions are attractive.
Finally, the scalar curvature on the equilibrium manifold can also be used to measure the
stability of the physical system under thermodynamic perturbations. In particular, the infor-
mation curvature approaches infinity in the vicinity of critical points, where phase transitions
occur [38]. Moreover, the curvature of the information metric tends to diverge not only at the
critical points of phase transitions, but on entire regions of points on the statistical manifold,
called spinodal curves. The latter can be used to discern physical from non-physical situations.
In this paper we investigate the properties of warped AdS3 black hole solution of TMG
within the framework of thermodynamic information geometry. The text is structured as fol-
lows. In section 2 we introduce the warped AdS3 black hole and the relevant thermodynamic
quantities. In Section 3 we calculate the heat capacity of the WAdS3 black hole in different
parameter spaces and analyze the conditions for local thermodynamic stability of the system.
In Section 4 we calculate the Hessian thermodynamic metrics on the space of equilibrium states
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and show that they fail as viable Riemannian metrics. Also, in this section we identify the re-
gions of global thermodynamic stability in canonical and grand canonical ensemble. In Section
5 we investigate the properties of two conformally related Legendre invariant metrics, namely
Quevedo and HPEM information metrics. We show that they successfully reproduce the Davies
phase transition points and thus can be used to describe the space of equilibrium states. In
Section 6 we investigate a third approach for introducing thermodynamic metrics on the equi-
librium manifold by defining various conjugate thermodynamic potentials. By construction, the
thermodynamic metrics in this approach are designed to match the Davies transition points of
the heat capacity, without any additional singularities. We confirm that this is also valid for
the WAdS3 case. In Section 7 we calculate the complexity growth of the warped solution and
show that it is compatible with the conditions for thermodynamic stability. Furthermore, we
find that the Lloyd’s bound on the complexity growth leads to a lower bound on the mass of
the black hole. Finally, in Section 8 we make brief comments on our results.
2 Warped AdS3 black hole and its thermodynamics
The warped AdS3 solution of (1.1) is given by the following metric [1]
ds2
L2
= dt2 +
dr2
(ν2 + 3) (r − r+) (r − r−) +
(
2 ν r −
√
r+ r− (ν2 + 3)
)
dt dθ (2.1)
+
r
4
(
3 (ν2 − 1) r + (ν2 + 3) (r+ + r−)− 4 ν
√
r+ r− (ν2 + 3)
)
dθ2 ,
where r ∈ [0,∞], t ∈ [−∞,∞] and θ ∼ θ + 2pi. The horizons are located at r+ and r−, where
1/grr as well as the determinant of the (t, θ) metric vanishes. Here, we also introduced the
parameter ν = µL/3. Notice that (2.1) reduces to the BTZ black hole in a rotating frame,
when ν2 = 1. For ν2 > 1, we have physical black holes, as long as r+ and r− stay positive. For
ν2 < 1, we always encounter closed timelike curves and such geometries will not be considered.
The Ricci curvature and the Kretschmann scalar invariant of the metric are
R = − 6
L2
, K = 6
3− 2 ν2 + ν4
L4
. (2.2)
Nonphysical situations occur at L = 0 and ν → ±∞, thus it is natural to consider L > 0 and
finite ν2 > 1 for the non-chiral case.
The entropy S of the warped AdS black hole and the ADT conserved charges M and J are
given by
S =
pi L
24 ν G
(
(9 ν2 + 3) r+ − (ν2 + 3) r− − 4 ν
√
(ν2 + 3) r+ r−
)
, (2.3)
M =
(ν2 + 3)
24G
(
r+ + r− − 1
ν
√
r+ r− (ν2 + 3)
)
, (2.4)
and
J =
ν L (ν2 + 3)
96G
[(
r+ + r− − 1
ν
√
r+ r− (ν2 + 3)
)2
−(5 ν
2 + 3)
4 ν2
(r+ − r−)2
]
. (2.5)
One can also compute the Hawking temperature and the angular velocity:
T =
(ν2 + 3) (r+ − r−)
4pi L
(
2 ν r+ −
√
(ν2 + 3) r+ r−
) , Ω = 2
L
(
2 ν r+ −
√
(ν2 + 3) r+ r−
) . (2.6)
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In this case, the first law of thermodynamics holds,
dM = T dS + Ω dJ . (2.7)
Here, it is relevant to comment on whether or not the thermodynamic quantities can become
zero. Considering r+ ≥ r−, one can reach S = 0 only if −1 ≤ ν ≤ 1, which is excluded. The
same condition holds for M = 0. Thus, we consider only positive S > 0, M > 0. From Eq.
(2.6) one notes that the angular velocity Ω cannot be zero, while the temperature T is zero
for coincident horizons, r+ = r−. On the other hand, the laws of thermodynamics forbid us
from ever reaching the absolute zero, thus T > 0. The only quantity, which can become zero
within ν2 > 1, is J . Without loss of generality, we will consider only non-negative values of the
angular charge, J ≥ 0.
Instead of r+ and r−, we can work with the left and right temperatures, namely
TR =
(ν2 + 3) (r+ − r−)
8 pi L
, TL =
(ν2 + 3)
8pi L
(
r+ + r− −
√
(ν2 + 3) r+ r−
ν
)
, (2.8)
and the left and right central charges,
cR =
(5 ν2 + 3)L
Gν (ν2 + 3)
, cL =
4 ν L
G (ν2 + 3)
, cL − cR = − L
Gν
, (2.9)
of the dual CFT2 theory. Although we are going to consider only positive central charges
throughout the paper, which lead to unitary CFTs, one should keep in mind that negative
charges can play vital role in anomaly cancellations, when considering the total central charge.
From Eqs. (2.9), under the requirement of positive central charges and ν2 > 1, one can restrict
only to ν > 1. Therefore, it immediately follows that cL < L and cR < 2L. For large ν → ∞
one has vanishing central charges, which is physically excluded due to the divergence of the
Kretschmann invariant (2.2). Furthermore, the third expression in Eq. (2.9) clearly forbids the
case cL = cR, while its negative sign suggests that cR > cL. The comments above show that
0 < cL < L L < cR < 2L . (2.10)
On the other hand, from Eq. (2.9), one finds the ratio of the central charges
cL
cR
=
4 ν2
3 + 5 ν2
. (2.11)
It depends only on ν and certain limiting cases are valid. For ν → ∞, the ratio reaches a
maximum value of 4/5. One has to exclude this value due to Eq. (2.2). When ν = 1, the ratio
is 1/2, which is also excluded from our considerations. Therefore,
1
2
<
cL
cR
<
4
5
. (2.12)
In terms of the dual CFT temperatures and charges the entropy takes the Cardy form
S =
pi2 L
3
(cL TL + cR TR) . (2.13)
One can also define the following left and right moving energies,
EL =
pi2 L
6
cL T
2
L , ER =
pi2 L
6
cR T
2
R , (2.14)
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which allow us to write the ADT conserved mass M and angular momentum J as
M =
1
G
√
2LEL
3 cL
, J = L (EL − ER) . (2.15)
Consequently, the Hawking temperature T , defined as the surface gravity of the horizon divided
by 2 pi, yields
1
T
=
4pi ν L
ν2 + 3
TL + TR
TR
. (2.16)
In order to study the thermodynamic properties of the WAdS black hole, we will express
the entropy S in terms of the other extensive parameters M and J , and also the ADT mass M
in terms of S and J . From Eqs. (2.13)–(2.16) one finds the explicit expressions (G = 1):
S(M, J) = pi
(
M cL +
√
cR
(
cLM2 − 2 J
3
))
, (2.17)
and
M(S, J) =
√
3 cL cR (2 pi2 J (cR − cL) + 3S2)− 3 cL S
3 pi cL (cR − cL) . (2.18)
It will be convenient for our considerations to also express S andM in terms of other parameters,
namely in (J, T ) space:
S(J, T ) =
pi
√
2 cL J (1 + (cR − cL) pi T )√
3
√
1− cL pi T (2 + (cR − cL) pi T )
, (2.19)
M(J, T ) =
√
2 J (1− cL pi T )√
3 cL (1− cL pi T (2 + (cR − cL)pi T ))
. (2.20)
We can also take advantage of the first law (2.7) to find T and Ω in (S, J) space:
T (S, J) =
∂M
∂S
=
1
pi (cL − cR)
(
1−
√
3 cR S√
cL (2 J pi2 (cR − cL) + 3S2)
)
, (2.21)
Ω(S, J) =
∂M
∂J
=
pi cR√
3 cL cR (2 J pi2 (cR − cL) + 3S2)
. (2.22)
or, equivalently, in (M, J) space:
T (M, J) =
1
cL pi
(
1 +
√
3 cRM√
3 cLM2 − 2 J
)−1
, (2.23)
Ω(M, J) =
cR
cL
(
3 cRM +
√
3 cR (3cLM2 − 2 J)
) . (2.24)
Naturally one requires T > 0, which constrains the values of the left central charge:
cL >
2 J
3M2
=
2 a
3
, (2.25)
where a = J/M2 is the spin parameter. Relation (2.25) shows that for slowly rotating system,
a < 1, the left central charge cL does not exceed 2/3. For ultra spinning black holes, a ≥ 1, the
charge cL is bounded from above only by L, thus we can constrain the rotation of the WAdS3
solution such as
a <
3L
2
. (2.26)
In the sections below, we investigate the local and global thermodynamic properties of the
WAdS3 black hole solution.
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3 Heat capacity and local thermodynamic stability
One can distinguish two types of phase transitions with respect to the heat capacity C. The
first type occurs when C changes sign, i.e. ∂SM=0, while the second type is identified by the
singular points of the heat capacity itself, i.e. ∂2SSM = 0. The heat capacity of the WAdS3
black hole in (S, J) space is given by
C(S, J) =
∂SM
∂2SSM
=
(2 pi2 J (cR − cL) + 3 S2)
(√
3 cR S−
√
cL cR (2 (cR − cL) J pi2 + 3S2)
)
2
√
3 pi2 J cR (cR − cL)
,
(3.1)
where J = 0 is a true singularity, while cL = cR is excluded due to Eq. (2.9). The heat capacity
changes signs on the following spinodal curve
2 pi2 J cL − 3S2 = 0 , (3.2)
while C = 0 occurs on (3.2) or the curve
2 pi2 J (cR − cL) + 3S2 = 0 . (3.3)
Considering the assumptions from the previous section, these curves are not reachable by any
macro state of the black hole. The condition for local thermodynamic stability, C > 0, leads
to an upper thermodynamic bound on the left central charge
cL <
3S2
2 pi2 J
. (3.4)
Combining Eqs. (3.4) and (2.25), one finds the following relation between the gravitational
parameters:
J2
M2 S2
<
9
4pi2
. (3.5)
The local TD stability in (M, J) coordinates requires the explicit form of the heat capacity,
C(M, J) =
pi cLH
(
cR
√
cR (3 cLM2 − 2 J)− cL
√
cRH +
√
3 cL cRM
)
2
√
3 cR J (cR − cL)
, (3.6)
where
H = M
(
2
√
3 cR (3 cLM2 − 2 J) + 3M (cL + cR)
)
− 2 J . (3.7)
As expected, J = 0 is a true singularity, while C changes sign on
3M2 cL − 2 J = 0 . (3.8)
Imposing C > 0, one finds agreement with (2.25).
In (J, T ) space the heat capacity takes the form
C(J, T ) = T
∂S(J, T )
∂T
=
cR pi
2 T
√
2 cL J√
3 (1− cL pi T (2 + (cR − cL) pi T ))3/2
. (3.9)
When J = 0, the specific heat C changes sign, while it diverges at the following critical
temperature
Tc =
1
pi (cL +
√
cL cR)
. (3.10)
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The local TD stability, C > 0, requires
T < Tc , J > 0 . (3.11)
Finally, the heat capacity in (S, Ω) space is written by
C(S, Ω) =
cR pi
2 (pi − 3S Ω)
3 Ω (9 cL S2 Ω2 − pi2 cR) . (3.12)
It changes sign at
ΩS =
pi
3
, (3.13)
while its divergences are located on
Ω2 S2 =
cR pi
2
9 cL
. (3.14)
The singularity at Ω = 0 is excluded due to Eq. (2.6). The local TD stability in (S, Ω) space
defines the region
pi
3
< ΩS <
pi
3
√
cR
cL
. (3.15)
Further constraints on the CFT central charges or the gravitational parameters can be found
by considering the methods of thermodynamic information geometry, as shown in the following
sections. Also, more on the thermodynamic stability of the WAdS3, in the space of the original
gravitational parameters, can be found in [39].
4 Hessian thermodynamic information metrics
4.1 Ruppeiner metric
We begin by calculating the Ruppeiner thermodynamic metric given by the Hessian of the
entropy
g
(R)
ab = −∂a∂bS(M, J) , a, b = (M, J) . (4.1)
The explicit form of the metric is written by
gˆ(R) =
(
g
(R)
MM g
(R)
MJ
g
(R)
JM g
(R)
JJ
)
=
 2pi J cL
√
3 cR (3 cLM2−2 J)
(3 cLM2−2 J)2 −
√
3piM cLc
2
R√
(cR (3 cLM2−2 J))3
−
√
3piM cLc
2
R√
(cR (3 cLM2−2 J))3
pi c2R√
3
√
(cR (3 cLM2−2 J))3
 . (4.2)
In order to identify any critical points and phase transitions we investigate the singularities
of the thermodynamic curvature with respect to the metric (4.2),
R
(R)
I = −
√
3
pi
√
cR (3 cLM2 − 2 J)
. (4.3)
This expression shows thatR(R)I is singular at cL = 2 J/(3M
2), but regular for J = 0. Therefore,
the Ruppeiner information metric accounts only for half of the necessary critical points of the
heat capacity (3.6) and one can not use it to fully describe the equilibrium space of the WAdS3
black hole solution.
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4.2 Weinhold metric
On the other hand, one can consider the Weinhold information metric,
g
(W )
ab = ∂i∂jM(S, J) , i, j = (S, J) (4.4)
with components
gˆ(W ) =
(
g
(W )
SS g
(W )
SJ
g
(W )
JS g
(W )
JJ
)
=
(
2
√
3 J pi cL c
2
R
h3/2
−
√
3pi cL c
2
R S
h3/2
−
√
3pi cL c
2
R S
h3/2
−pi3 cL c2R (cR−cL)√
3h3/2
)
, (4.5)
where h = cL cR (3S2 + 2 (cR − cL) J pi2). In this case, the Weinhold curvature,
R
(W )
I =
√
3pi cL (cR − cL)√
cL cR (2 pi2 J (cR − cL) + 3S2)
, (4.6)
does not reproduce the singularities of the heat capacity (3.1) in (S, J) space. Therefore, it is
also not a suitable Riemannian metric on the equilibrium state space of the WAdS3 black hole.
4.3 Ensembles and global thermodynamic stability
By choosing other potentials, one can construct Hessian thermodynamic metrics, which, in
general, are not conformally related to Ruppeiner or Weinhold metrics. For example, in the
canonical ensemble we can consider the Helmholtz potential,
F (M, J) = M − T S = 2 J
√
cR
cL
(
3M
√
cR +
√
3
√
3 cLM2 − 2 J
) , (4.7)
which defines the following Hessian thermodynamic metric:
g
(H)
MM =
36 J
√
cR
(
3 cLM
2
(
(cL + cR) f + 2 cLM
√
3 cR
)
+ J
(
cL
(
f − 3M √3 cR
)− 2 cR f))
cL
(√
3 f + 3M
√
cR
)3
f 3
,
(4.8)
g
(H)
MJ =
18M
√
cR
(
3 cL J M
√
3 cR − (cL − 2 cR) f J − 3 cL (cL + cR) f M2 − 6 c2LM3
√
3 cR
)
cL f 3
(√
3 f + 3M
√
cR
)3 ,
(4.9)
g
(H)
JJ = −
6
(
f
√
cR (J − 6 cLM2) + 3
√
3 cRM (J − 2 cLM2)
)
cL f 3
(√
3 f + 3M
√
cR
)3 , (4.10)
where g(H)ij = ∂i∂jF (M,J) and f =
√
3 cLM2 − 2 J . The denominator of the Helmholtz ther-
modynamic curvature,
denom (R
(H)
I ) = −2 f 2
(
(cL − 2 cR) f J − 3 cL J M
√
3 cR + 3 cL (cL + cR) f M
2 + 6 c2LM
3
√
3 cR
)2
×
(√
cR f
(
J − 3 cLM2
)
+ 3
√
3 cRM
(
J − 2 cLM2
)− 3 c3/2R f M2)2 , (4.11)
is zero, when cL = 2 J/(3M2), but non-zero for J = 0. The numerator of the TD curvature is
also finite, when J → 0.
The situation does not improve in the grand canonical ensemble as well, where one works
with the Gibbs free energy
G(M, J) = M − T S − Ω J = J
√
3 cR
cL
(
M
√
3 cR +
√
3 cLM2 − 2 J
) . (4.12)
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Therefore, we can make the conclusion that Hessian thermodynamic geometries are not well-
suited for the description of the WAdS3 BH equilibrium space.
Before addressing the problem of global thermodynamic stability of the warped AdS black
hole, we need to write the explicit expressions for the Helmholtz and the Gibbs free energies in
(J, T ) space:
F (J, T ) =
√
2 J√
3 cL
√
1− cL pi T (2 + (cL − cR) pi T ) , (4.13)
G(J, T ) =
√
J√
2 cL
√
1− cL pi T (2 + (cR − cL) pi T ) . (4.14)
The conditions for global TD stability in the canonical and grand canonical ensembles, respec-
tively, are given by [40]:
∂2F
∂T 2
< 0,
∂2G
∂T 2
< 0 . (4.15)
Here, the concavity of the Helmholtz free energy F and the Gibbs energy G, with respect to the
temperature T , implies that the corresponding specific heats are both positive. Both conditions
(4.15) are satisfied for T < Tc, which is also the requirement (3.11) for local TD stability. Hence,
the WAdS3 black hole solution is locally and globally stable, from thermodynamic standpoint,
in the same temperature interval 0 < T < Tc, whereas unstable for T > Tc. Near the critical
temperature, T = Tc, the underlying inter-particle interactions becomes strongly correlated
and phase transitions occur. In this case, the equilibrium description of the black hole system
breaks down.
5 Legendre invariant information metrics
5.1 Quevedo metrics
The Quevedo information metric on the equilibrium state space of the WAdS3 solution is given
by [36]:
ds2Q = W (−∂2SM dS2 + ∂2JM dJ2) = g(Q)SS dS2 + g(Q)JJ dJ2 , (5.1)
where the conformal function W has one of the following forms
W =

S ∂M
∂S
+ J ∂M
∂J
, case I ,
S ∂M
∂S
, case II .
(5.2)
The first expression for W leads to the following components of the information metric:
g
(Q, I)
SS =
2 J c2R cL
(√
3 cR (pi
2 J (cR − cL) + 3S2)− 3S
√
h
)
√
3 (cL − cR)h2
, (5.3)
g
(Q, I)
JJ =
pi2 c2R cL
(
cR (pi
2 J (cL − cR)− 3S2) + S
√
3h
)
3 cL h2
, (5.4)
where h = cL cR (3S2 + 2 (cR − cL) J pi2). The denominator of the thermodynamic curvature
for case I reads
denom(R
(Q, I)
I ) = 6 J
2 pi2
(
S (
√
3h− 3 cR S)− pi2 cR J (cR − cL)
)4
. (5.5)
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It is singular at J = 0. One notes that the curve (3.2) is not reproduced by denom(R(Q, I)I ).
However, we excluded this curve as a true singularity of the heat capacity. Therefore, we can
consider this metric as viable TD metric, if we treat J = 0 as a first-order phase transition
point.
On the other hand, the metric components in case II are given by
gˆ(Q, II) =
(
g
(Q,II)
SS 0
0 g
(Q,II)
JJ
)
=
 2cLc2R J S (3 cR S−√3h)(cL−cR)h2 0
0
cL c
2
R pi
2 S (
√
3h−3R S)
3h2
 . (5.6)
The denominator of the second Quevedo curvature,
denom(R
(Q, II)
I ) = 6
√
3 pi2 J2 S3
(
2pi2 cL J (cR − cL) + 3S2 (cL + cR)− 2
√
3hS
)3
, (5.7)
is singular at J = 0. It is also singular at the spinodal curve (3.2) of the heat capacity, which
we discarded. As discussed in Section 2, the case S = 0 is excluded, thus R(Q,II)I does not
show additional singularities. Therefore, the second Quevedo information metric is a viable
thermodynamic metric.
We can now consider the values of the R(Q,II)I . In the region of TD stability, R
(Q,II)
I is
negative, which defines a hyperbolic thermodynamic information geometry on the equilibrium
manifold. According to the established interpretation, the negative values of the TD curvature
correspond to attractive inter-particle interactions. The free, non-interacting quantum theory,
R
(Q,II)
I = 0, occurs on the level curve h = 0, i.e.
2 pi2 J (cR − cL) + 3S2 = 0 . (5.8)
Under the current assumptions, (J ≥ 0, S > 0, cR > cL), this curve is not reachable by the
macro states of the black hole. Therefore, in Quevedo’s approach, we always have an interacting
theory.
5.2 HPEM metric
As an attempt to avoid extra singular points in the Quevedo thermodynamic curvature, which
do not coincide with phase transitions of any type, in [41] the authors proposed an alternative
information metric with different conformal factor,
ds2HPEM = S
∂SM
(∂2JM)
3 (−∂2SM dS2 + ∂2JM dJ2) . (5.9)
Its explicit components are given by
gˆ(HPEM) =
(
g
(HPEM)
SS 0
0 g
(HPEM)
JJ
)
=
 18h5/2 J S (
√
3 cR S−
√
h)
pi9 c2L (cL−cR)4 c4R
0
0
3h5/2 S (
√
h−√3 cR S)
pi7 c2L (cL−cR)3 c4R
 . (5.10)
In this case, the denominator of the HPEM curvature is given by
denom(R
(HPEM)
I ) = 18 J
2 S3
(√
h−
√
3 cR S
)3
h7/2 . (5.11)
It covers all relevant divergences of the heat capacity (3.1) including the curve (3.2), which
we excluded. At first, it seems that a new spinodal curve h = 0 is present in (5.11), but, as
mentioned already, under the assumptions (J ≥ 0, S > 0, cR > cL), the macro states can not lie
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on this curve. Therefore, the HPEM curvature is healthy from additional relevant singularities.
Contrary to Quevedo’s case, here, one can find the parameter region, where the Sylvester
criterion holds together with C > 0. It coincides with the region (3.4) for TD stability in (S, J)
space. Furthermore, in this region, RHPEMI is positive, which defines an elliptic thermodynamic
information geometry on the equilibrium manifold. The latter corresponds to repulsive inter-
particle interactions.
6 Information metrics and conjugate thermodynamic po-
tentials
6.1 MM Metric I
Another geometric approach to the problem of equilibrium state space of black holes was pro-
posed by A. H. Mansoori and B. Mirza in [31]. The authors define a conjugate thermodynamic
potential as an appropriate Legendre transformation of the thermal parameters in order to
mach the divergences of the specific heat. For example, one can consider the following conju-
gate potential
K(S,Ω) = M(S,Ω)− Ω J(S,Ω) = cR pi
2 + 3 cL S Ω (3S Ω− 2pi)
6 cL pi2 Ω (cR − cL) , (6.1)
where
M(S,Ω) =
cR pi − 3 cLS Ω
3 cL piΩ (cR − cL) , J(S,Ω) =
cR pi
2 − 9 cLS2 Ω2
6 cL pi2 Ω2 (cR − cL) . (6.2)
In this case, the components of the information metric read:
g
(MM)
SS =
1
T
∂2K
∂S2
=
3 Ω
3S Ω− pi , (6.3)
g
(MM)
SΩ =
1
T
∂2K
∂Ω ∂S
=
3S
3S Ω− pi , (6.4)
g
(MM)
ΩΩ =
1
T
∂2K
∂Ω2
=
cR pi
2
3 cL Ω3 (3S Ω− pi) , (6.5)
where the temperature in (S, Ω) space is written by
T (S,Ω) =
3S Ω− pi
(cR − cL) pi2 . (6.6)
Under the set of conditions {S > 0, Ω > 0}, together with the conditions for the central charges
from Section 3, the temperature is positive, if
ΩS >
pi
3
, (6.7)
whereas the angular momentum is non-negative, if
ΩS ≤ pi
3
√
cR
cL
. (6.8)
On the other hand C > 0 forbids the equal sign, thus we arrive at the condition for the local
TD stability (3.15). The MM thermodynamic curvature yields
R
(MM,I)
I =
3 piΩ (cL cR pi (9 pi S Ω− 27S2 Ω2 − 2pi2)− c2R pi3 − 27 c2L S3 Ω3)
(3S Ω− pi) (cR pi2 − 9 cLS2 Ω2)2
. (6.9)
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It exactly matches the spinodal curves (3.13) and (3.14) of the heat capacity. Thus the proposed
metric is a viable choice for the description of the equilibrium space of the WAdS black hole.
The compact expression forR(MM,I)I allows us to find the conditions for its sign. For example,
the MM curvature is positive, if
cL
cR
>
pi
(
2pi2 − 9 pi S Ω + 27S2 Ω2 + (pi − 3S Ω) √4 pi2 − 12pi S Ω + 81S2 Ω2)
54S3 Ω3
. (6.10)
On the other hand, R(MM,I)I can become negative, if
cL
cR
<
pi
(
2pi2 − 9 pi S Ω + 27S2 Ω2 + (pi − 3S Ω) √4 pi2 − 12pi S Ω + 81S2 Ω2)
54S3 Ω3
, (6.11)
or
cL
cR
>
pi
(
2pi2 − 9pi S Ω + 27S2 Ω2 − (pi − 3S Ω) √4 pi2 − 12pi S Ω + 81S2 Ω2)
54S3 Ω3
. (6.12)
The MM curvature is zero, if expressions (6.11) and (6.12) are treated as equations separately.
In any case, the values of the right hand side of both expressions should respect Eq. (2.12).
Finally, we also find that Sylvester’s criterion is compatible with the condition (3.15) for
local TD stability.
6.2 MM Metric II
Another proposal for information metric by MM involves the Helmholtz potential in (J, T )
space (4.13). The new information metric is given by
g
(MM)
TT =
1
T
∂2F
∂T 2
= − cR pi
2
√
2 cL J√
3T (1− cL pi T (2 + (cR − cL) pi T ))3/2
, (6.13)
g
(MM)
TJ =
1
T
∂2F
∂T ∂J
= − cL pi (1 + (cR − cL) pi T )√
6T
√
cL J (1− cL pi T (2 + (cR − cL) pi T ))
, (6.14)
g
(MM)
JJ =
1
T
∂2F
∂J2
= −
√
cL J (1− cL pi T (2 + (cR − cL) pi T ))
2
√
6 cL J2 T
. (6.15)
Now, the MM thermodynamic curvature yields
R
(MM,II)
I =
√
3 (cL pi T (3− (cR − cL) (cL pi T − 3) pi T )− 1)
pi2 T
√
2 cL J (cL − cR) (1− cL pi T (2 + (cR − cL) pi T ))3/2
. (6.16)
It respects all relevant spinodals of the heat capacity (3.9) in (J, T ) space. Moreover, one notes
that both MM proposals has no redundant singularities in the corresponding TD curvatures.
Here, we also note that the Sylvester criterion is incompatible with the condition for local
thermodynamic stability.
The sign of the second MM curvature is as follow. First, one has R(MM,II)I > 0, if
cL pi T (3− (cR − cL) (cL pi T − 3) pi T ) < 1 . (6.17)
Consequently, one has R(MM,II)I < 0 in several regions. The first one is given by
3 cL pi T ≤ 1, cL pi T (3− (cR − cL) (cL pi T − 3) pi T ) > 1 . (6.18)
The second one is
3 cR pi T < 1 . (6.19)
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And finally, the third region is
1
3 pi cL
< T <
1
2pi cL
. (6.20)
A flat information geometry, R(MM,II)I = 0, occurs on the following level curve
cL pi T (3− (cR − cL) (cL pi T − 3) pi T ) = 1 . (6.21)
In any cases, all inequalities for the sign of the curvature should respect the condition for
global/local TD stability, T < Tc.
7 Complexity growth of the WAdS3 black hole
In this section we compute the complexity growth rate of the WAdS3 black hole solution (2.1)
within the “Complexity=Action” conjecture1. Consequently, we use the generalizations to the
Lloyd bound of the rate of complexity, proposed by various authors in [43, 44], to find further
non-trivial restrictions on the equilibrium state space parameters of the system.
The “Complexity=Volume” and the “Complexity=Action” conjectures for the WAdS3 solu-
tion in Einstein’s theory was analyzed in [45] and [46], respectively. Similar studies for the BTZ
black hole were conducted in [42, 43, 47, 48]. Further examples, regarding different aspects on
the subject, can also be found in [49–60].
In order to compute the complexity growth rate of the WAdS3 solution from Eq. (2.1) we
have to vary the TMG action (1.1) in the WDW patch:
δI = I[t+ δt]WDW − I[t]WDW . (7.1)
First, we take the variation of the Einstein-Hilbert term:
δIEH =
1
16 pi
2pi∫
0
r+∫
r−
t+δt∫
t
√−g
(
R +
2
L2
)
dt dr dθ = −L (r+ − r−)
4
δt . (7.2)
Next, we vary the CS term:
δICS =
L
96pi ν
2pi∫
0
r+∫
r−
t+δt∫
t
3 ν (ν2 − 1) dt dr dθ = L (ν
2 − 1) (r+ − r−)
16
δt . (7.3)
To calculate the contribution coming from the boundary term B one has to choose a tetrad
co-frame eA = e Aµ dxµ of the metric gµν = e Aµ e Bν ηAB, η = diag(−1, 1, 1), namely [61]:
e0 =
L
2
√
D(r)
dθ = e 0θ dθ, e
1 = L
√
D(r)dr = e 1r dr,
1The complexity growth rate of the warped AdS3 black hole was first obtained in [42] using the first order
formalism. Unfortunately, we suspect that the result (2.28) in [42] is incorrect due to an error in the computation
of the Einstein-Hilbert part of the on-shell action. The correct formula for this term should be (see Eq. (2.25)
in [42]):
ABCR
AB ∧ eC = −3`dt ∧ dr ∧ dθ,
which coincides with the on-shell part
√−gR = −3`. For consitency of notations we use ` = L and we have
reintroduced the ∧ product. One also has trθ = +1, and the curvature 2-form RAB defined by
RAB = dωAB + ωAC ∧ ωCB .
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e2 = Ldt+ LM(r)dθ = e 2t dt+ e
2
θ dθ. (7.4)
It is easy to verify that gµν = e Aµ e Bν ηAB holds. The spin connections, ωAB = ω ABµ dxµ, can be
calculated explicitly from the tetrad co-frame by
ω ABµ =
1
2
eνA(∂µe
B
ν − ∂νe Bµ )−
1
2
eνB(∂µe
A
ν − ∂νe Aµ )−
1
2
eρAeσB(∂ρeσC − ∂σeρC)e Cµ , (7.5)
where eνA = gνλe Aλ and eσC = e Fσ ηFC . We find
ω 01t = −ω 10t = −M ′, ω 02r = −ω 20r = −
√
DM ′,
ω 01θ = −ω 10θ = MM ′ −N ′, ω 12θ = −ω 21θ = −
M ′
2
√
D
. (7.6)
Therefore, the boundary 2-form computes to
B = − LD
′
64piD2
dt ∧ dθ = L(ν
2 + 3)(2r − r− − r+)
64pi
dt ∧ dθ. (7.7)
Considering the above setup, the contribution from the boundary term yields
δIB =
1
32
t+δt∫
t
L(ν2 + 3)
(
(2r − r− − r+)
∣∣
r+ − (2r − r− − r+)
∣∣
r−
)
dt =
L(ν2 + 3)(r+ − r−)
16
δt.
(7.8)
Finally, the result for the rate of complexity growth is
C˙ =
L
8
(ν2 − 1) (r+ − r−) = (2 cL − cR)
√
cL (2 J − 3 cLM2)
cR (5 cL − 4 cR) . (7.9)
Imposing C˙ > 0, one recovers the condition (2.25) for local thermodynamic stability. In order
to impose the Lloyd bound one has to consider also contributions from the rotation of the black
hole, i.e. [43, 44]:
C˙ ≤ (M − Ω J)+ − (M − Ω J)− , (7.10)
where the plus and minus signs indicate calculations on the outer and the inner horizons. The
latter inequality leads to a lower bound on the mass of the black hole
M ≥ (2 cL − cR)
√
cL
3
√
12 cR − 15 cL
, (7.11)
which is true under condition (2.25) for local thermodynamic stability. In terms of the original
gravitational parameters this bound becomes
M ≥ L
3
(
1− 4
3 + ν2
)
. (7.12)
For ν → 1, the mass is zero, while for large ν →∞, one has M ≥ L/3.
8 Conclusion
Investigating the properties of various black hole solutions plays an important role in revealing
hidden features of the elusive theory of quantum gravity. In this context, motivated by the re-
markable duality between gravitational and gauge field theories, we study the thermodynamic
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properties of three-dimensional warped AdS black hole solution and its dual conformal field
theory. Our findings uncover the candidates for proper Riemannian metrics on the space of
equilibrium states of the WAdS3 solution, together with several criteria for thermodynamic
stability of the system. This allows us to constrain the possible values of the central charges
from the dual field theory and the gravitational parameters from the bulk theory, thus making
the duality more explicit. Our investigations were conducted mostly within the framework
of thermodynamic information geometry, which utilizes the power of differential geometry to
study statistical features of a given system.
In general, the formalism of thermodynamic information geometry treats the space of equi-
librium states as a Riemaninan manifold, equipped with a proper metric and an affine con-
nection. Here, geodesic paths correspond to quasi static processes, while the distance between
different macro states can be used to measure the probability for fluctuating between states.
The parameter regions, where the geometric description breaks down, are the critical points
of the system or its spinodal curves, where the corresponding thermodynamic information
curvature becomes singular. In this case, from thermodynamic point of view, near a critical
point the underlying inter-particle interactions become strongly correlated and the equilibrium
thermodynamic considerations are no longer applicable. There are several ways to construct
thermodynamic information metrics. Below we summarize our results for the warped AdS3
black hole.
In the Hessian formulation we analyzed the Ruppeiner and the Weinhold thermodynamic
metrics and showed that they are inadequate for the description of the WAdS3 black hole equi-
librium state space. This is due to the occurring mismatch between the singularities of the
heat capacity and the spinodal curves of the corresponding thermodynamic curvatures. Be-
cause both metrics are conformally related, with the temperature being the conformal factor,
we have decided to construct another information metrics based on the Hessian of the Helmholtz
and Gibbs free energies. The results also showed that Hessian thermodynamic metrics are not
well-suited for our case. Furthermore, utilizing the properties of Gibbs and Helmholtz ther-
modynamic potentials, we have identified the regions of global TD stability in canonical and
grand canonical ensembles, respectively, and showed that they both coincide with the local ther-
modynamic stability of the WAdS solution. The critical temperature (3.10), which separates
thermodynamic stability from the regions of TD instability of the system, was also calculated.
On the other hand, in the case of Legendre invariant metrics, all considered thermodynamic
metrics successfully manage to incorporate the relevant Davies type critical points. Conse-
quently they can be considered as viable metrics on the equilibrium state space of the WAdS3
black hole.
The third approach, based on conjugate thermodynamic potentials, also revealed complete
agreement with the Davies critical points of the heat capacity. Here, the compact form of the
thermodynamic curvatures, allowed us to fully determine the regions of flat, hyperbolic or el-
liptic information geometries on the space of the equilibrium states of the warped AdS3 system.
All approaches were considered together with the conditions for local and global thermo-
dynamic stability. The latter imposed several constraints on the central charges from the dual
field theory, e.g. Eqs. (2.25) and (3.4). Several relations, namely Eqs. (2.26), (3.5) and (6.7),
between the bulk gravitational parameters were also found. Additionally, in several cases,
we were able to strengthen the local and global TD stability of the black hole by imposing
Sylvester’s criterion for positive definite metrics.
One can go even further and calculate the logarithmic correction to the entropy of the black
hole, due to small thermal fluctuations around its equilibrium configuration. In Ref. [62], it was
found that for any thermodynamic system, satisfying the first law, one can write the corrected
form of the entropy as
S ′ = S + α log(C T 2) + · · · . (8.1)
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Here, S and C are the uncorrected entropy and heat capacity, while the constant α depends
on the underlying micro states, and dots denotes higher order corrections. For example, if we
choose to work in (J, T ) space, the corrected heat capacity of the WAdS3 black hole becomes2
C ′(J, T ) = T
∂S ′(J, T )
∂T
= C + α
(
2 +
T
C
∂C(J, T )
∂T
)
. (8.2)
Local TD stability (C ′ > 0) now requires T < Tc and
J >
27 (cL pi T − 1)2 (1− cL pi T (2 + (cR − cL) pi T ))α2
2 cL c2R pi
4 T 2
, (8.3)
which reduces to J > 0 at α = 0. On the other hand, global thermodynamic stability, imposed
by the concavity ∂2F ′/∂T 2 < 0, leads to T < Tc, together with
J >
27 (1− cL pi T (2 + (cR − cL) pi T ))α2
2 cL c2R pi
4 T 2
. (8.4)
The latter bound on the momentum J is stronger than Eq. (8.3). Hence, one concludes that the
log-corrected thermodynamics of the WAdS solution respects the condition T < Tc for global
TD stability from the uncorrected case, while imposing an additional non-zero lower bound on
the angular momentum J .
Finally, we have calculated the complexity growth of the WAdS3 black hole within the
”Complexity equals Action” proposal. The natural requirement that the complexity growth be
a positive quantity turned out to be compatible with the condition (2.25) for local TD stability.
Meanwhile, imposing Lloyd’s bound on the complexity growth, we have found a lower bound
(7.11) on the mass of the black hole.
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